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Temperature measurements from Champ, 08.06.2008, 137 data points
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Temperature measurements from Champ, 08.06.2008, 137 data points Approximation of 137 data points, 3=0
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Part 1: Spherical Spline Approximation
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SPHERICAL SPLINE APPROXIMATION
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THE PROBLEM SO FAR

Up until now, spherical splines were defined by a function S of the form

N
- Z akK(n777k)7
k=1

where K(-,-) is defined by an infinite bilinear expansion of spherical harmonics Y, ;

oo 2n+1

ZZ n(nﬂ Yo (1) Y (6).

The infinite bilinear expansion complicates the calculation and evaluation of the
spline function defined as above. Hence, we take a new approach in order to define
spline functions by means of the second iterated Green's function on the sphere.
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GREEN’S FUNCTION WITH RESPECT TO A*

Definition: The Function G(A*;-,-): (§,n) — G(A*;&,n), -1 <&-n<1lis
called Green's function on Q = {¢ € R3 | |¢| = 1} with respect to the Beltrami
operator A*, if it satisfies the following properties:

1) (Differential equation) for every fixed £ € Q, n+—— G(A*; £, n) is infinitely
continuously differentiable on the set {n € Q| — 1 < &-n < 1} such that

1
AFG(A*; -~ _1<¢-p<l
WGBTS En) = —— <&n<

11) (Characteristic singularity) for every ¢ € Q, the function

1
N G(A*:E,n)—ﬂln(l—f-n)

is continuously differentiable on Q.
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GREEN’S FUNCTION WITH RESPECT TO A*

1) (Rotational symmetry) for all orthogonal transformations A the following

equation holds:
G(A™ A An) = G(A™;€,m)

1v) (Normalization) for every £ € Q we have

/ G(A"; €. n)duw(n) = 0.
Q
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PROPERTIES OF GREEN’S FUNCTION WITH RESPECT TO A*

Properties of Green's Function with Respect to A*:
1) The function G(A*;£,n) is uniquely determined by its defining properties i) -
iv).
11) Green's function G(A*; &, n) has the bilinear expansion

> 2m+1
Am

G(A™;&,n) = % m(§-m), —1<&-np<l

m=1

1) For &, € Q with —1 < &-1n < 1 Green's function with respect to the
Beltrami operator A* has the following expression:

G(A*;6,m) = —In

(=€) + o~ o In(2)

47
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SECOND ITERATED GREEN’S FUNCTION WITH RESPECT TO A*

Definition: Let G@(A*; ¢, 1) be defined by
COA" 6. = [ 68" OG(AC.d(c).

The function G)(A*; &, n) is called second iterated Green's function with respect

to the Beltrami operator A*.

It can be shown, that the second iterated Green function has the bilinear expansion

. 1 <2m+1
GO e =Y T Pel€n),  —1<En<l
m=1 m
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PROPERTIES OF THE SECOND ITERATED GREEN’S FUNCTION

1) For the second iterated Green function corresponding to the Beltrami

operator A* it follows:

ALGPA(A%6,n) = G(A;¢,n)

II) The second iterated Green's function corresponding to the Beltrami operator A* is continuous and has the

expression:
1
47
1
@r s ] A€ )@+ ) — In2)
CTATEM = T (126)  (1n(2)? + In@) In(1 + € - )
&%

where the function £ is called dilogarithm and is defined as

Ez(x)zf/oxwdtzzk—z.

t k=1
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SPHERICAL SPLINE FUNCTIONS
Definition: Let the N points ny,...,ny be a fundamental system of order 0 on
the unit sphere . Then the function

N
S(n)=c+ ZakG(z)(A*;mm), n € Q, ¢ = const (1)
k=1

is called natural spherical spline function of order 0 corresponding to the nodes

N1, ..., 1N, if the vector a = (a1,...,an)" satisfies the linear equation system
Aa =0, where

A=(1,...,1).

The class of all natural spherical spline functions of order 0 corresponding to the
nodes 71, ...,nn is denoted by S(n1,...,nn).

Further on, let y = (y1,...,yn) be an arbitrary R-vector. Then, there exists a
unique spline S € S(n1,...,mn), such that

S(nk) = yx-
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SPHERICAL SPLINE FUNCTIONS

In order to determine the constances ax and c, the linear equation system

(3 %) ()=

has to be solved. Here, G is defined as

GO, m) - GO (A*;n1, 1)
G- - :

Gy, m) -+ GO(A* N, )
The unique solution of the linear equation system is given by

a=G1ly—G1A'c with c = (AG1AT)"1AGty,
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MINIMAL 'BENDING ENERGY’

Let (91,%1),---,(nn, yn) be N data points, where 7y, ..., 7y is a fundamental

system of order 0 on Q. Let Sy € S(71,...,nn) be the unique natural spline which
interpolates the data points y1, ..., yn. Then, for all twice continuously
differentiable functions F on €, which interpolate the data points ys,..., yn, the

following equation holds true:

[ @ssutmydotn < [ (a5 dutn)
Q Q
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SMOOTHING SPLINES

The problem of fitting a smooth function to a given dataset (11, 1), ..., (Mn, Yn)
is given by finding a function F, such that the functional

roalF) =3 (F(”ﬁ)‘y) +5 [ (a;Fdato)

k=1 k

is minimized in H®)(Q), where j3; are given positive weights and § > 0 an
arbitrary parameter, which gives a measure for the desired smoothness.
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SMOOTHING SPLINES

Let §, f1,...,Bn be given positive constants and (7k, yx), 1 < k < N be given
data points. Then there exists a unique spline function S € S(n1,...,nn) such
that the inequality

03.5(5) < 0p.5(F)

is valid for all F € H®(Q) with equality only if F = S. Further on, if S is given by
Equation (1), then S is uniquely determined by the equation system

S(k) + 0B2ak =y (k=1,...,N).

The linear equation system can be written as

G+6B AT\ (a\ [y B
(C8 ) ()= (3) where

2 0

0 82
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Part 2: Application
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TEMPERATURE PROFILE IN ESTES PARK, SUMMER 2008

Mean temperature profile in Estes Park, summer 2008
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TEMPERATURE DISTRIBUTION IN SUMMER 2008
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Approximation of 137 data points, 5=0
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SMOOTHING
Approximation of 137 data points, 5=0 Approximation of 137 data points with 10% white noise, 5=0.0004
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Approximation of 137 data points, 5=0 Approximation of 137 data points with 10% white noise, 5=0.0004
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Approximation of 137 data points, 5=0
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Approximation of 137 data points with 10% white noise, 5=0.0004
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Thank you!
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