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Temperature in °C, 44. week 2007, height= 7km 
(minimum value: −54.4, maximum value: −13.9, difference: 40.5)
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Approximation of 137 data points, δ=0
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Spherical Spline Approximation

Part 1: Spherical Spline Approximation



Spherical Spline Approximation

Some Definitions

Ω = {ξ ∈ R
3 | ‖ξ‖ = 1}

∆ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

∆∗ = ∆|Ω
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The Problem so far

Up until now, spherical splines were defined by a function S of the form

S(η) =

N
∑

k=1

akK (η, ηk),

where K (·, ·) is defined by an infinite bilinear expansion of spherical harmonics Yn,j

K (η, ξ) =
∞
∑

n=1

2n+1
∑

j=1

1

(n(n + 1))2
Yn,j(η)Yn,j(ξ).

The infinite bilinear expansion complicates the calculation and evaluation of the
spline function defined as above. Hence, we take a new approach in order to define
spline functions by means of the second iterated Green’s function on the sphere.
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Green’s Function with Respect to ∆
∗

Definition: The Function G (∆∗; ·, ·) : (ξ, η) 7−→ G (∆∗; ξ, η), −1 ≤ ξ · η < 1 is
called Green’s function on Ω = {ξ ∈ R

3 | |ξ| = 1} with respect to the Beltrami
operator ∆∗, if it satisfies the following properties:

i) (Differential equation) for every fixed ξ ∈ Ω, η 7−→ G (∆∗; ξ, η) is infinitely
continuously differentiable on the set {η ∈ Ω | − 1 ≤ ξ · η < 1} such that

∆∗

ηG (∆∗; ξ, η) = −
1

4π
− 1 ≤ ξ · η < 1.

ii) (Characteristic singularity) for every ξ ∈ Ω, the function

η 7−→ G (∆∗; ξ, η)−
1

4π
ln(1 − ξ · η)

is continuously differentiable on Ω.
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Green’s Function with Respect to ∆
∗

iii) (Rotational symmetry) for all orthogonal transformations A the following
equation holds:

G (∆∗;Aξ,Aη) = G (∆∗; ξ, η)

iv) (Normalization) for every ξ ∈ Ω we have

∫

Ω

G (∆∗; ξ, η)dω(η) = 0.
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Properties of Green’s Function with Respect to ∆
∗

Properties of Green’s Function with Respect to ∆∗:

i) The function G (∆∗; ξ, η) is uniquely determined by its defining properties i) -
iv).

ii) Green’s function G (∆∗; ξ, η) has the bilinear expansion

G (∆∗; ξ, η) = −
1

4π

∞
∑

m=1

2m + 1

λm

Pm(ξ · η), −1 ≤ ξ · η < 1.

iii) For ξ, η ∈ Ω with −1 ≤ ξ · η < 1 Green’s function with respect to the
Beltrami operator ∆∗ has the following expression:

G (∆∗; ξ, η) =
1

4π
ln(1 − ξ · η) +

1

4π
−

1

4π
ln(2)



Spherical Spline Approximation

Second Iterated Green’s Function with Respect to ∆
∗

Definition: Let G (2)(∆∗; ξ, η) be defined by

G (2)(∆∗; ξ, η) =

∫

Ω

G (∆∗; ξ, ζ)G (∆∗; ζ, η)dω(ζ).

The function G (2)(∆∗; ξ, η) is called second iterated Green’s function with respect
to the Beltrami operator ∆∗.

It can be shown, that the second iterated Green function has the bilinear expansion

G (2)(∆∗; ξ, η) =
1

4π

∞
∑

m=1

2m + 1

λ2
m

Pm(ξ · η), −1 ≤ ξ · η ≤ 1
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Properties of the Second Iterated Green’s Function

i) For the second iterated Green function corresponding to the Beltrami
operator ∆∗ it follows:

∆∗

ηG
(2)(∆∗; ξ, η) = G (∆∗; ξ, η)

ii) The second iterated Green’s function corresponding to the Beltrami operator ∆∗ is continuous and has the
expression:

G
(2)

(∆
∗

; ξ, η) =































1

4π
, 1 − ξ · η = 0

1

4π
(1 − ln(1 − ξ · η)(ln(1 + ξ · η) − ln(2))

−L2(
1−t
2

) − (ln(2))2 + ln(2) ln(1 + ξ · η)) , 1 ± ξ · η 6= 0

1

4π
− π

24
, 1 + ξ · η = 0

where the function L2 is called dilogarithm and is defined as

L2(x) = −

∫

x

0

ln(1 − t)

t
dt =

∞
∑

k=1

xk

k2
.
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Spherical Spline Functions

Definition: Let the N points η1, . . . , ηN be a fundamental system of order 0 on
the unit sphere Ω. Then the function

S(η) = c +
N
∑

k=1

akG (2)(∆∗; η, ηk), η ∈ Ω, c = const (1)

is called natural spherical spline function of order 0 corresponding to the nodes
η1, . . . , ηN , if the vector a = (a1, . . . , aN)

T satisfies the linear equation system
Aa = 0, where

A = (1, . . . , 1) .

The class of all natural spherical spline functions of order 0 corresponding to the
nodes η1, . . . , ηN is denoted by S(η1, . . . , ηN).
Further on, let y = (y1, . . . , yN) be an arbitrary R-vector. Then, there exists a
unique spline S ∈ S(η1, . . . , ηN), such that

S(ηk) = yk .
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Spherical Spline Functions

In order to determine the constances ak and c , the linear equation system

(

G AT

A 0

)(

a

c

)

=

(

y

0

)

has to be solved. Here, G is defined as

G =







G (2)(∆∗; η1, η1) · · · G (2)(∆∗; η1, ηN)
...

...
G (2)(∆∗; ηN , η1) · · · G (2)(∆∗; ηN , ηN)






.

The unique solution of the linear equation system is given by

a = G−1y − G−1AT c with c = (AG−1AT )−1AG−1y ,
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Minimal ’Bending Energy’

Let (η1, y1), . . . , (ηN , yN) be N data points, where η1, . . . , ηN is a fundamental
system of order 0 on Ω. Let SN ∈ S(η1, . . . , ηN) be the unique natural spline which
interpolates the data points y1, . . . , yN . Then, for all twice continuously
differentiable functions F on Ω, which interpolate the data points y1, . . . , yN , the
following equation holds true:

∫

Ω

(∆∗

ηSN(η))
2dω(η) ≤

∫

Ω

(∆∗

ηF (η))
2dω(η)



Spherical Spline Approximation

Smoothing Splines

The problem of fitting a smooth function to a given dataset (η1, y1), . . . , (ηN , yN)
is given by finding a function F , such that the functional

σβ,δ(F ) =

N
∑

k=1

(

F (ηk)− yk

βk

)2

+ δ

∫

Ω

(∆∗

ηF (η))
2dω(η)

is minimized in H(2)(Ω), where βk are given positive weights and δ ≥ 0 an
arbitrary parameter, which gives a measure for the desired smoothness.
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Smoothing Splines

Let δ, β1, . . . , βN be given positive constants and (ηk , yk), 1 ≤ k ≤ N be given
data points. Then there exists a unique spline function S ∈ S(η1, . . . , ηN) such
that the inequality

σβ,δ(S) ≤ σβ,δ(F )

is valid for all F ∈ H(2)(Ω) with equality only if F = S . Further on, if S is given by
Equation (1), then S is uniquely determined by the equation system

S(ηk) + δβ2

kak = yk (k = 1, . . . ,N).

The linear equation system can be written as

(

G + δB AT

A 0

)(

a

c

)

=

(

y

0

)

, where B =







β2

1
0

. . .

0 β2

N
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Part 2: Application



Application

Temperature Profile in Estes Park, Summer 2008
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Temperature Distribution in Summer 2008
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Smoothing
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Approximation of 137 data points, δ=0
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Smoothing
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Approximation of 137 data points with 10% white noise, δ=0.0004
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Smoothing
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Smoothing
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Application

Thank you!


